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Notation TMIB spaces Results and generalizations

Let Mp and Ap, p ∈ N be two sequences of positive numbers such
that M0 = M1 = A0 = A1 = 1

(M.1) M2
p ≤ Mp−1Mp+1, p ∈ Z+;

(M.2) Mp ≤ c0H
p min

0≤q≤p
{Mp−qMq}, p, q ∈ N, for some c0,H ≥ 1;

(M.6) p! ⊂ Mp, i.e. there exist c0, L0 > 0 such that p! ≤ c0L
p
0Mp,

p ∈ N.
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Notation TMIB spaces Results and generalizations

M(·) and A(·), are the associated functions for Mp and Ap, defined
by

M(ρ) = sup
p∈N

ln+
ρp

Mp
, A(ρ) = sup

p∈N
ln+

ρp

Ap
for ρ > 0,

respectively.
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Notation TMIB spaces Results and generalizations

For h > 0

SMp ,h
Ap ,h

= {ϕ ∈ C∞(Rd) |σh(ϕ) <∞}

where

σh(ϕ) = sup
α

h|α|
∥∥eA(h|·|)Dαϕ

∥∥
L∞(Rd )

Mα
,

S(Mp)
(Ap) = lim←−

h→∞
,SMp ,h

Ap ,h
, S{Mp}
{Ap} = lim−→

h→0

SMp ,h
Ap ,h

.
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Notation TMIB spaces Results and generalizations

S∅,kh,Ap
= {ϕ ∈ C∞(Rd) | σ∅,kh,Ap

(ϕ) <∞}

SMp

h,∅,k = {ϕ ∈ C∞(Rd) | σMp

h,∅,k(ϕ) <∞}

S∅,k∅,h = {ϕ ∈ C∞(Rd) | σ∅,k∅,h (ϕ) <∞}

where

σ∅,kh,Ap
(ϕ) = sup

α≤k
‖eA(h|·|)Dαϕ(·)‖L∞(Rn) (1)

σ
Mp

h,∅,k(ϕ) = sup
α∈Nn

0

hα

Mα
‖〈·〉kDαϕ(·)‖L∞(Rn) (2)

σ∅,k∅,h (ϕ) = sup
α≤k,β≤h

‖〈·〉βDαϕ(·)‖L∞(Rn). (3)
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Notation TMIB spaces Results and generalizations

S∅(Ap)(Rn) = lim←−
h→∞

lim←−
k→∞

S∅,kAp ,h
, S(Mp)
∅ (Rn) = lim←−

h→∞
lim←−
k→∞

SMp

h,∅,k .

S∅∅ (Rn) = lim←−
h→∞

lim←−
k→∞

S∅,k∅,h .
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Notation TMIB spaces Results and generalizations

We use the notation ∗ − † for all the cases

{Mp} − {Ap},
(Mp)− (Ap), (Mp)− ∅, ∅ − (Ap), and ∅ − ∅.

Tx f = f (·+ x) and Mξf = eπi〈ξ,·〉f (·).

” ↪→ ” stands for dense and continuous linear embedding between
t.v.s.

”→ ” stands for continuous linear embedding between t.v.s.
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Notation TMIB spaces Results and generalizations

Translation-modulation invariant Banach spaces of
tempered ultradistributions

TMIB

A (B)-space E is said to be a translation-modulation invariant
(B)-space of ultradistributions (in short: TMIB)) of class ∗ − † if it
satisfies the following three conditions:

(a) The continuous and dense inclusions S∗† (Rd) ↪→ E ↪→ S ′∗† (Rd)
hold.

(b) Tx(E ) ⊆ E and Mξ(E ) ⊆ E for all x , ξ ∈ Rd .

(c) There exist τ,C > 0 (for every τ > 0 there exists Cτ > 0),
such that

ωE (x) := ‖Tx‖Lb(E) ≤ CeM(τ |x |) and

νE (ξ) := ‖M−ξ‖Lb(E) ≤ CeM(τ |ξ|). (4)
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Notation TMIB spaces Results and generalizations

The functions ωE : Rd → (0,∞) and νE : Rd → (0,∞) defined in
(4) are called the weight functions of the translation and
modulation groups of E , respectively (in short: its weight
functions).

Such space, in ∅ − ∅,Mp − ∅ or ∅ − Ap case, is called a TMIB
space of distributions, and in the other cases TMIB space of
ultradistributions, of ∗ − † type respectively.

A space is a DTMIB of ultradistributions of class ∗ − † if it is the
strong dual of a TMIB of class ∗ − †.

For ∗ = ∅ or † = ∅ the associated functions are M(ρ) = ln(1 + |ρ|)
or A(ρ) = ln(1 + |ρ|), respectively.
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Notation TMIB spaces Results and generalizations

Let E be a TMIB of class ∗ − †.

The convolution and multiplication

∗ : S∗† (Rd)× S∗† (Rd)→ S∗† (Rd),

· : S∗† (Rd)× S∗† (Rd)→ S∗† (Rd)

extend as continuous bilinear mappings

∗ : L1
ωE
× E → E and · : AνE × E → E

E becomes a Banach module over L1
ωE

and AνE with respect to
these operations,

‖g ∗ f ‖E ≤ ‖g‖L1
ωE
‖f ‖E , g ∈ L1

ωE
, ∀f ∈ E , (5)

and
‖h · f ‖E ≤ ‖h‖AνE ‖f ‖E , ∀h ∈ AνE , ∀f ∈ E . (6)
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Notation TMIB spaces Results and generalizations

Furthermore, the convolution of f ∈ E and g ∈ L1
ωE

can be
represented as a Bochner integral of an E -valued function,

g ∗ f =

∫
Rd

g(y)Ty fdy , (7)

while its multiplication with h ∈ AνE is given by the Bochner
integral

h · f =

∫
Rd

(F−1h)(ξ)M−ξfdξ. (8)
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Notation TMIB spaces Results and generalizations

Let E and F be TMIB of class ∗ − † on Rd1 and Rd2 . Then,

(i) E ⊗̂εF is a TMIB of class ∗ − † on Rd1+d2 and
ωE⊗̂εF = ωE ⊗ ωF and νE⊗̂εF = νE ⊗ νF .

(ii) If either E or F satisfies the approximation property, then
E ⊗̂πF is also a TMIB class ∗ − † with ωE⊗̂πF = ωE⊗̂εF and
νE⊗̂πF = νE⊗̂εF .
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Notation TMIB spaces Results and generalizations

Let g ∈ S∗(Rn)\{0} and f ∈ S ′∗(Rn).

Short-time Fourier transform of f with respect to a window
function g is

Vg f (x , ξ) = Ft→ξ
(
(Txgf )(t)

)
for all x , ξ ∈ Rn.

For F either a TMIB or a DTMIB of class ∗ on R2n we define new
space associated with the space F

MF = {f ∈ S ′∗(Rn)| Vg f ∈ F}

provided with the norm ‖ · ‖MF = ‖Vg (·)‖F .
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Notation TMIB spaces Results and generalizations

Let F be either a TMIB or a DTMIB of class ∗ on R2n.

ω̃F (x) = ωF (x , 0)νF (0, x) and ν̃(x) = ωf (0,−x), x ∈ Rn.

Let F be a Banach space of ultradistributions on R2n.

(i) If F is a TMIB of class ∗, then

ML1

ω̃F⊗˜̌ν
↪→MF .

(ii) If F is a DTMIB of class ∗, then

ML1

ω̃F⊗˜̌ν
→MF →ML∞

1/ ˇ̃ω⊗1/ν̃
.

(iii) If F is a reflexive TMIB of class ∗, then

ML1

ω̃F⊗˜̌ν
↪→MF →ML∞

1/ ˇ̃ω⊗1/ν̃
.
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Examples

For 1 ≤ p, q <∞, the weighted mixed-norm space Lp,qω (R2n),

‖f ‖Lp,qω =

(∫
Rn

(∫
Rn

|f (x , ξ)|pω(x , ξ)pdx

)q/p

dξ

)1/q

<∞,

are TMIB spaces.

Let F = Lp,qω (R2n). Then the spaces MF are the standard
modulation spaces of (ultra)distributions.

When 1 < p ≤ 2, Lp(Rn)⊗̂πLp(Rn) is not a solid Banach space.
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The spaces L2
ω1
⊗̂πL2

ω2
and L2

ω1
⊗̂εL2

ω2
are TMIB spaces different

from Lp,qω1⊗ω2
(R2n) for 1 ≤ p, q ≤ ∞.

If Mp/p! and Ap/p! satisfy condition (M.1), i.e condition (M.4)
then there are TMIB of class ∗ − † that exist arbitrarily close to
S∗† (Rd) and S ′∗† (Rd)
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The wave front set with respect to a TMIB space

Let Mp, p ∈ N, be a sequence of positive numbers satisfying
M0 = M1 = 1 also (M1), (M2), (M4) and additionaly

(M.3) there exists c0 ≥ 1 such that∑∞
q=p+1 Mq−1/Mq ≤ c0pMp/Mp+1, p ∈ Z+.

Let E be TMIB space of class ∗ over Rd . Besides the properties
(a), (b) and (c) of the Definition of TMIB space and additionally

(d) FE is a solid space, i.e. FE ⊆ L1
loc(Rd) and there exists

C0 > 0 such that if g ∈ L1
loc(Rd), f ∈ FE and |g(x)| ≤ |f (x)|

a.e. then g ∈ FE and ‖g‖FE ≤ C0‖f ‖FE .
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For f ∈ E ′∗(Rd) we define the set ΣE (f ) ⊆ Rd\{0} as follows:

ξ ∈ Rd\{0} does not belong to ΣE (f ) if and only if there exists a
cone neighbourhood Γ of ξ such that

θΓF f ∈ FE , (9)

where θΓ denotes the characteristic function of Γ.

For f ∈ D′∗(Rd) and x ∈ Rd , we define

Σx ,E (f ) =
⋂

χ∈D∗(Rd ), χ(x)6=0

ΣE (χf ).
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Let ψ ∈ D∗(Rd) and f ∈ E ′∗(Rd). Then ΣE (ψf ) ⊆ ΣE (f ).

Let f ∈ D′∗(Rd), x ∈ Rd and Γ be an open cone such that
Σx ,E (f ) ⊆ Γ.

There exists χ ∈ D∗(Rd) satisfying χ(x) 6= 0 and having support
arbitrarily close to x such that ΣE (χf ) ⊆ Γ. In particular,
Σx ,E (f ) = ∅ if and only if there exists χ ∈ D∗(Rd), satisfying
χ(x) 6= 0, such that χf ∈ E .
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WFS

For f ∈ D′∗(Rd), we define the E -wave front set of f by

WFE (f ) = {(x , ξ) ∈ Rd × (Rd\{0})| ξ ∈ Σx ,E (f )}.

For f ∈ D′∗(Rd), we can define the set sing suppE f ⊆ Rd whose
complement is given by the points at which f locally behaves as an
element of E .

Remark

When E is a Sobolev space Hs(Rd), s ∈ R, and f ∈ D′(Rd), then
the definition of WFE (f ) coincides with the Sobolev wave front set
of f as defined by Hörmander.
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Theorem

Let f ∈ D′∗(Rd) and (x0, ξ0) ∈ Rd × (Rd\{0}). The following
conditions are equivalent.

(i) (x0, ξ0) 6∈WFE (f ).

(ii) There exist a cone neighbourhood Γ of ξ0, a compact
neighbourhood K of x0 and χ ∈ D∗(Rd), satisfying χ(0) 6= 0
such that

θΓVχf (x , ·) ∈ FE , ∀x ∈ K ,

and
sup
x∈K
‖θΓVχf (x , ·)‖FE <∞.

Pavel Dimovski Ghent 2020



Notation TMIB spaces Results and generalizations

References

· P. Dimovski and B. Prangoski, Wave front sets with respect
to Banach spaces of ultradistributions. Characterisation via
the Short-time Fourier transform, Vol 33, No 18 (2019),
5829–5836.
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Thank you for Your attention
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