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Let M, and Ap, p € N be two sequences of positive numbers such
that Mo =M1 =Ay=A; =1

(M.1) M2 < Mp_1Mpy1, p € Zo; J

M.2) M, < cgHP min {M,_ M.}, p,q € N, for some cg, H > 1;
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Let M, and Ap, p € N be two sequences of positive numbers such
that Mo =M1 =Ay=A; =1

(M.1) M2 < Mp_1Mpy1, p € Zo; J

(M.2) M, < HP 0r<ni2 {Mp_gMq}, p,q € N, for some ¢, H > 1;J
<q<p

(M.6) p! C M,, i.e. there exist ¢, Lo > 0 such that p! < oL M,, J
p € N.
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M(-) and A(-), are the associated functions for M, and A, defined
by

P
M(p )—supInJr A(p)—supln+p— for p>0,
peN M peEN Ap

respectively.
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Sar = {p € CP(RY)| on(p) < o0}
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where

SOHLOO(Rd)

plol HeA(hII D
on(p) = Silp A

9
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For h >0
Sary = {p € C2(R) |on() < oo}
where
hiel || AP D[ o o)
Oh = su )
() = sup e
(MP) — i MFH {MP} MP7
S(Ap) = lim,S, S{A} —I|m SAp, .

h%oo
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Sph ={p € C2([RY) | ok () < 0o}
Sh(z) =1{p e Coo(Rd) ’ Uh@ k(p) < oo}
Sy ={p € C*(RY) | og() < o0}
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where

ngf\p(‘p) = sup €D Do () | oo ()
a<

M, - h* kpa
ohox(P) = ;:I\?g MH(') ()| Loo ()

0,k fo
app(@) = sup ()P Do)l (mr)-
a<k,B<h
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Sty yRM = lim lim Spk, SIMIRM = lim lim Sy
h—>ook—>oo

h,0,k*
h—>oo k—)oo

SYR™) = lim lim S

h—o00 k—o00
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We use the notation * — t for all the cases
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We use the notation * — 1 for all the cases {M,} — {Ap},
(Mo) — (Ap), (Mp) — 0. 0 (Ay), and 0 0. J
Tof = f(- +x) and Mf = ™I f (). J
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We use the notation * — 1 for all the cases {M,} — {Ap},

(Mp) — (Ap), (Mp) — 0, 0— (Ap), and 0 —0. J
Tof = f(- +x) and Mf = ™I f (). J

" <" stands for dense and continuous linear embedding between

t.v.s. J

" — " stands for continuous linear embedding between t.v.s. J
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Translation-modulation invariant Banach spaces of
tempered ultradistributions

TMIB

A (B)-space E is said to be a translation-modulation invariant
(B)-space of ultradistributions (in short: TMIB)) of class * — { if it
satisfies the following three conditions:

(a) The continuous and dense inclusions SF(R‘/) — E — S]{*(Rd)
hold.

(b) Tx(E) C E and M¢(E) C E for all x,& € RY.

(c) There exist 7, C > 0 (for every 7 > 0 there exists C; > 0),
such that

we(x) = || Tull ) < CeMTD - and
ve(€) = IM_¢llc,(e) < CeMTED. (4)
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The functions wg : RY — (0,00) and vg : RY — (0, 00) defined in
(4) are called the weight functions of the translation and
modulation groups of E, respectively (in short: its weight
functions).

Such space, in 0 — 0, M, — 0 or ) — A, case, is called a TMIB
space of distributions, and in the other cases TMIB space of
ultradistributions, of x — T type respectively.

A space is a DTMIB of ultradistributions of class x — { if it is the
strong dual of a TMIB of class * — t.

For + = () or = () the associated functions are M(p) = In(1 + |p|)
or A(p) = In(1+ |p|), respectively.
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Let E be a TMIB of class * — 7.

The convolution and multiplication
x 1 ST(RY) x 8F(RY) — SF(RY),

- SHRY) x SF(RY) — SF(RY)
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Let E be a TMIB of class * — 7.

The convolution and multiplication
« 0 ST(RY) x SHRT) — SF(RY),
- SHRY) x SF(RY) — SF(RY)
extend as continuous bilinear mappings
x:LL xE—E and -:A,xE—E

E becomes a Banach module over LbE and A, with respect to
these operations,

lg = flle < gl Iflle, &< L., Vf €E, (5)
and
Ib-Flle < lhlla,Ifle, Vhe Ay, VFEE.  (6)
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Furthermore, the convolution of f € E and g € L},_ can be
represented as a Bochner integral of an E-valued function,

gxf= /Rd g(y)Tyfdy, (7)

while its multiplication with h € A, is given by the Bochner
integral

hef = [ e Mefde. (8)
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Let E and F be TMIB of class * — { on R% and R%. Then,
(i) EQcF is a TMIB of class x —  on R*% and
Weg. F = WE QwF and veg g = VE @ UF.
(i) If either E or F satisfies the approximation property, then
E&.F is also a TMIB class * — t with WEg F = Wgg, F and

Veg,.F — VE®.F:
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Let g € S*(R")\{0} and f € S*(R").

Short-time Fourier transform of f with respect to a window

function g is _
ng(X,f) = Frse ((Tng)(t))

for all x,& € R".

For F either a TMIB or a DTMIB of class * on R2" we define new
space associated with the space F
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Let g € S*(R")\{0} and f € S*(R").

Short-time Fourier transform of f with respect to a window
function g is

Vef(x,8) = Fre ((Tng)(t))
for all x,& € R".

For F either a TMIB or a DTMIB of class * on R2" we define new
space associated with the space F

MF = {f € *(R")| V,f € F} J

provided with the norm || - || \r = || Ve (") F-
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Let F be either a TMIB or a DTMIB of class * on R?".

Or(x) = we(x,0)re(0, x) and 7(x) = wr(0, —x), x € R". J

Let F be a Banach space of ultradistributions on R?".
(i) If Fisa TMIB of class %, then
— MF.

11
Mieod
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Let F be either a TMIB or a DTMIB of class * on R?".

Or(x) = we(x,0)re(0, x) and 7(x) = wr(0, —x), x € R". J

Let F be a Banach space of ultradistributions on R?".
(i) If Fis a TMIB of class *, then

& F
Moy = M.
(i) If Fis a DTMIB of class x, then

L F Lo
MLDF@:/ - M" — M1/5;®1/f/
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Let F be either a TMIB or a DTMIB of class * on R?".
Or(x) = we(x,0)re(0, x) and 7(x) = wr(0, —x), x € R". )

Let F be a Banach space of ultradistributions on R?".
(i) If Fis a TMIB of class *, then

& F
Moy = M.
(i) If Fis a DTMIB of class x, then
L F Lo
wa@i - M" — M1/5®1/ﬁ.

(iii) If F is a reflexive TMIB of class *, then

ME s MF S5 ML

1227 1/6®1/°
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Examples

For 1 < p, g < oo, the weighted mixed-norm space L29(R?"),

a/p 1/q
HfuLg,q—</R (L ot orax) d£> <o,

are TMIB spaces.

Let F = LZ9(R?"). Then the spaces MF are the standard
modulation spaces of (ultra)distributions.

When 1 < p <2, LP(R")&,LP(R™) is not a solid Banach space. )
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The spaces L£1®WL£2 and L£1®6L£,2 are TMIB spaces different
from L9, (R?") for 1 < p,q < co.

w1 @wy

If Mp/p! and A,/p! satisfy condition (M.1), i.e condition (M.4)
then there are TMIB of class x — 1 that exist arbitrarily close to
S;(Rd) and &;*(Rd)
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The wave front set with respect to a TMIB space

Let My, p € N, be a sequence of positive numbers satisfying
Mo = My =1 also (M), (M,), (M) and additionaly

(M.3) there exists ¢y > 1 such that
Zgo:p.u qul/Mq < COPMp/Merla pE”Zy.

Let E be TMIB space of class % over R?. Besides the properties
(a), (b) and (c) of the Definition of TMIB space and additionally

(d) FE is a solid space, i.e. FE C LL (R9) and there exists
Co > 0 such that if g € LL (RY), f € FE and |g(x)| < |f(x)|
a.e. then g € FE and ||g|lre < Gol|f||7E-
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For f € £"(RY) we define the set Y (f) C RY\{0} as follows:

¢ € R9\{0} does not belong to ¥ £(f) if and only if there exists a
cone neighbourhood I of £ such that

OrFf € FE, (9)

where O denotes the characteristic function of I.

For f € D*(RY) and x € RY, we define

Y e(f) = N Y £(xf).
XED*(RY), X(x)7£0
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Let ¢ € D*(RY) and f € £*(RY). Then Lg(vf) C Le(f). J

Let f € D"*(R?), x € RY and I be an open cone such that
Y, e(F)CT.

There exists x € D*(RY) satisfying x(x) # 0 and having support
arbitrarily close to x such that Xg(xf) C I. In particular,
Y..£(f) =0 if and only if there exists x € D*(RY), satisfying
X(x) # 0, such that xf € E.
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WES

For f € D'*(RY), we define the E-wave front set of f by

WFe(f) = {(x,£) € RY x (R\{0})| £ € T,(F)}.

For f € D'*(RY), we can define the set sing suppzf C RY whose
complement is given by the points at which f locally behaves as an
element of E.

v

When E is a Sobolev space H5(R9), s € R, and f € D'(RY), then
the definition of WFg(f) coincides with the Sobolev wave front set
of f as defined by Hormander.
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Let f € D*(RY) and (x0, &) € R x (RY\{0}). The following
conditions are equivalent.

(1) (x0,%0) & WFe(f).

(i) There exist a cone neighbourhood I of &y, a compact
neighbourhood K of xo and x € D*(RY), satisfying x(0) # 0
such that

OrV\f(x,-) € FE, Vx € K,

and

sup [|0r Vi f(x;, )| 7E < o0.
xeK
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Thank you for Your attention
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